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T e s t  data on hea t  t r a n s f e r  and fr ic t ion a r e  genera l ized for a wide range  of the injection fac -  
tor  with the Math  number  equal to 0.3, 2.05, 3,05, and 4. The tes t  r e su l t s  ag ree  with the 
theoret ica l  ana lys i s  a lso  given he re .  

The p rob lem consi~lered he re  is of g rea t  p rac t ica l  impor tance .  Boundary l aye r s  of this kind a r e  
fo rmed dur ing porous  cooling,  dur ing the burnout  of hea t  r e s i s t an t  coat ings  on objects  re tu rn ing  f rom 
outer  space ,  etc.  Although numerous  studies have been made concerning this p rob lem (see [1]), many of  
its a spec t s  have not ye t ' b een  c l ea r ly  explained. It  is not the quanti tat ive d i sc repancy  between var ious  
exis t ing data which concerns  us he re .  That  can be explained by the pecu l ia r i t i es  of the pa r t i cu l a r  tes t  
condit ions.  Much m o r e  significant  s e e m  he re  the following fundamental quest ions:  how does injection a f -  
fect  the r e cove ry  fac tor ,  does the modified Reynolds analogy apply he re ,  is it suff icient  to account  for the 
e f fec t  of an i so the rma l i ty  on f r ic t ion  and heat  t r a n s f e r  by s imply  ass igning  s tandard  values  to the St 0 n u m -  
ber  and the Cf0 fac tor  on the bas i s  of the re la t ions  der ived  in [2, 3] with the resu l t s  in [4] taken into con-  
s idera t ion ,  ere? 

We will p r e s e n t  he re  the resu l t s  of an exper imenta l  s tudy concerning the fr ic t ion and the heat  t r a n s -  
f e r  in a supersonic  turbulent  boundary l ayer  a t  a porous  su r face ,  with the Mach number  equal to 0.3, 2.05, 
3.05, o r  4 and with the injection p a r a m e t e r  (air  into a i r )  va ry ing  over  a wide range  of va lues .  A theore t i -  
cal  ana lys i s  of these  p r o c e s s e s  will be made by applying the K u t a t e l a d z e - L e 0 n t ' e v  theory to a turbulent  
boundary l aye r  of a fluid with a vanishingly low v i scos i ty  [1]. 

For  a supersonic  an i so the rma l  turbulent  boundary l ayer  with a t r a n s v e r s e  fluid flow, a s suming  that 
s i m i l a r i t y  exis ts  be tween the veloci ty  field and the enthalpy field, we have 

I 

~ f dco = 1. (1) 
1/(~ + b~)[~ + ( , -  r  (r l)o~1 

by analogy with [2, 3] (Re -~ ~) .  Here  r = 1 + r ( k - 1 / 2 ) M  2. F r o m  Eq. (1) follows for  the r e f e r r e d  heat  

t r a n s f e r  (friction) function g, = (St/St0)Re** 
1 2 

1/~-=  Vb~(~*--l) "~' Ico.i-4-lm~l IF(%; P ) - - F ( % ;  P)]; (2) 

where  F is an incomplete  ell iptic integral  of the f i r s t  kind, 

r = arcsin I o)~[ + 1/b 1 ; (P2 = arcsin V o)~]+ lib 1 ; �9 

V t % 1 + lib 1 

and r co i a r e  roots  of the equation Po/P = 0 = f(r  r w). 

Inst i tute  of T h e r m o p h y s i c s ,  Siber ian Branch  of the Academy of Sciences of the USSR, Novosibi rsk .  
T rans l a t ed  f rom Inzhene rno-F iz i chesk i i  Zhurnal ,  Vol. 23, No. 5, pp. 785-791, November ,  1972. 
a r t i c l e  submit ted  F e b r u a r y  22, 1972. 

Original  

�9 1974 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, N. Y. 10011. 
No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, 
electronic, mechanical, photocopying, microfilming, recording or otherwise, without written permission of the publisher. A 
copy of this article is available from the publisher for $15.00. 

1359 



o--2 ~ 5 o Oo 
* - - 3  i o o  

q6 i 
0 ' 2 ? b M 

Fig. i 

@ 

q~ 

�9 3 

5 
Fig. 2 

Fig. 1. Recovery  factor  as a function of the injection p a r a m -  
e ter :  Ma = 2.05 (1), 3.05 (2), 4.0 (3). Data according to [7]: 
Ma = 2.0 (4), 3.2 (5). 

Fig. 2. Heat  t r an s f e r  as a function of injection: Ma = 2.05 (1), 
3.05 (2), 4.0 (3), and r = 0.9-1.85. Solid l ine represen t s  ca l -  
culation according to Eq. (3). 

It  is in teres t ing to note that the exact  solutions for function ~I, according to (2) can be approximated 
by the s imple re la t ion 

which rep resen t s  a combination of a l ready well-knov~l r e f e r r e d  fr ict ion and heat t r ans fe r  functions [2-6]: 

[ a r c t g ( M V r  k ~ l  ) . 1 '  

~B = 1-- - -  ~ is ~hejKutateladze--keont'ev formula. 
bcr ] 

The cr i t ical  value of the injection p a r a m e t e r  bcr  can be found f rom (1) with ~I, = 0. According to [1], 

t 2 
V'bcr= ] /~p*--i  Vlco21+l~,[ P $ '  n); 

1 + I 
I~ = arcsin --I//- " I  / i~ i + f o)~ I L o)~ i _[_ (i  (oi i _i_i ) ; n - -  (4 )  

The exact solution for bcr  can, in turn,  also be replaced by a s imple approximation 

Oct = bcr 0TM. (5) 

The values of bcr  corresponding to cr i t ica l  injection at  subsonic veloci t ies  a r e  given by well-known 

formulas  in [2]. 

For  calculations acco rd ing  to formulas (3)-(5) at  a given value of the Mach number,  one must  know 
the r ecove ry  factor  as  a function of the injection p a r a m e t e r  r = f(b). This re la t ion has been determined 
experimental ly .  

The tes ts  for this study were  pe r fo rmed  on a porous cyl inder  40 ram in d iameter  and 336 mm long, 
or iented para l le l  to the s t r eam inside the aerodynamic tunnel at  the Institute.  Essent ia l  information about 
the instrumentat ion can be found in [1]. The r e c o v e r y  factor  was measured  at  a constant stagnation t e m -  
pe ra tu re  in the ma ins t r eam (100~ and at  a constant injection factor bM, the t empera tu re  of the injected 
gas was var ied so as to produce tes t  modes with different  direct ions of heat  flow. F r o m  the thermal  flux 
versus  t empera tu re  curve  q = f(T w) and its in tersect ion with the axis of absc i ssas ,  we then found the 
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Fig. 3. Typical velocity profile plotted for determining the friction coeffi- 
cient (Ma = 3.05, j = 0.168"i0-2). 

Fig. 4. Friction as a function of the injection parameter b: Ma = 0.3 (I), 
2.05 (2), 3.05 (3), 4.0 (4), 3.2 [10] (5). Solid line represents calculation 
according to Eq. (3). 

s tagnat ion t e m p e r a t u r e  a t  the wall  T w and f rom there  we de te rmined  the r e c o v e r y  factor .  This  p rocedu re  
was faci l i ta ted by the a l m o s t  l inear  re la t ion  between the rma l  flux and wall  t e m p e r a t u r e  near  the axis  of 
a b s c i s s a s .  The resu l t s  a r e  shown in Fig. 1 and ag ree  with the cor responding  data in [7]. 

With the aid of the exper imenta l ly  obtained re la t ion  r = f(bM), the heat  t r an s f e r  data were  now eva lu-  
ated in the coordina tes  of the theore t ica l  fo rmulas  (3) and (5): 

s ~  _ / (E). 16) 
~F~-~F~Sto 

Accord ing  to Fig.  2, the data evaluated accord ing  to formula  (6) do not depend on the Mach number  
and conf i rm the val idi ty  of calculat ions based on fo rmulas  (3)-(5). One mus t  emphas ize  that it is quite 
imposs ib le  to gene ra l i ze  the t es t  data without taking into account  re la t ions  r = f(bM) and bcr  = f(r With-  
out these  re la t ions ,  a genera l iza t ion  is poss ib le  only for  some definite tes t  conditions which, in the final 
ana lys i s ,  r e p r e s e n t  a ce r t a in  specia l  ca se .  This  is well  i l lus t ra ted  in [1]. 

The t e s t  data on f r ic t ion have been genera l ized  analogously.  The fr ict ion coeff icients  we re  d e t e r -  
mined by a t r a n s f o r m a t i o n  analogous to the C owles t r ans fo rma t ion  [8], f rom the veloci ty  p rof i l es  m e a -  
su red  under  adiabat ic  t es t  condit ions.  D. Cowles had analyzed the effect  of compres s ib i l i t y  on the mag n i -  
tude of turbulent  s h e a r  s t r e s s  a t  an  i m p e r m e a b l e  wall  in an adiabat ic  flow under  constant  p r e s s u r e ,  by 
t r ans fo rming  the t r a n s v e r s e  coordinate  in the s a m e  manner  as  Dorodnitsyn had done ea r l i e r  but c o n s i d e r -  
ing the flow function not to be invar iant  with r e s p e c t  to this t r ans fo rmat ion .  I t  has been shown in [9] that 
the Cowles method is valid in the zone where  the "wall law" appl ies  and yields the skin f r ic t ion,  if the 
ve loc i ty  p rof i le  in the turbulent  m a i n - s t r e a m  without extrapols:tion to the l amina r  sub laye r  is known. The 
bas ic  difficulty with the Cowles method is in de te rmin ing  the quantity ~ / a ~ w ,  ~which mus t  be evaluated 
empi r i ca l ly  (a(x) = (r - r 1 6 2  - r  is the mapping  function, #w is the gas v i scos i ty  a t  the wall ,  and 
is the gas v i scos i ty  in the " i ncompres s ib l e  t r a n s f o r m  sys t em"  (the dash above a symbol  r e f e r s  the given 
quantity to the t r a n s f o r m  sys t em) .  

This  d imens ion les s  p a r a m e t e r  is usual ly  de te rmined  on the bas i s  of some  hypothesis  a s ,  for  example ,  
the sublayer  hypothes is .  I t  is a s s u m e d  in the l a t t e r  case  that  the Reynolds number  r ema ins  constant  a t  
the edge of the l a m i n a r  sub layer .  In m o r e  compl ica ted  si tuations as  when m a s s  t r a n s f e r  a lso  occu r s ,  for  
example ,  the appl icat ion of  the sub layer  hypothesis  becomes  p rob lema t i c  on account  of insufficient  ava i lab le  
informat ion about  the behavior  of l a m i n a r  sub laye r s  dur ing the flow of c o m p r e s s i b l e  and incompress ib l e  
fluids.  It  will be shown he re  that  Cf can  be success fu l ly  de te rmined  a t  a low Mach number  (Ma = 0-4.0) 
by means  of just  one Dorodni tsyn t r an s fo rm a t ion  of the t r a n s v e r s e  coordinate ,  provided 

~I~Vw ~'~ 1. (7) 

This  equali ty is exact ,  when there  is no injection, a t  a low Maeh number  and at  Re** ~ ~o. Condi-  
tion (7) means  that  a co r re spondence  is sought between two converging points in the c o m p r e s s i b l e  and in 
the incompress ib l e  s t r e a m  re spec t ive ly  with the s a m e  Reynolds number :  Re** = Re**. The skin fr ict ion 
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at an impermeable  surface in a compress ib le  s t r eam was calculated on the basis of the Cowles hypothesis 
of a logari thmic segment  in the velocity profile which can be descr ibed by the "wall law." Representing 
the test  data in the form 

/I 

with P/Po determined from the Croeco integral [2], the "coefficients of skin friction in the incompressible  
t rans form s t ream"  Cf were  then found. For  a compress ib le  s t r eam Cf was determined from the relation 
between the fr ict ion coefficients for a compress ib le  and an incompressible  boundary layer ,  according to 
the theory in [3] with Re -~ ~ :  

inasmuch as this ease is close to the ease where ~-/e~w = 1. The time calculated values of Cf, with a 
maximum sea t te r  of 17%, for an impermeable  surface  and for Ma = 4 were close to the values obtained 
by the B a r o n t i - L i b b i  method (for Ma < 4 the seat ter  of Cf values was smal le r  [9]). At the same time, 
the Cf values agreed with the Karman formula.  

The fr ict ion coefficients at a permeable  surface were  determined for the " incompressible  t rans form 
s t r eam"  on the basis of Stevenson's law 

Y 

-C/2 " ~ In ~ +C, (9) 

with K = 0.41 and C = 4.9. 

Equation (9) includes, besides C f, also the unknown injection factor~incomp r for the incompressible  
s t ream.  The relat ion between ] incompr and the given injection factor  j was establist~ed as 

~ncomp~ = T/~M, (i0) 

from the conditions that the friction is Newtontan and that both streams satisfy the momentum equations 
at the wall. The validity of expression (10) is indicated by the fact that, in Dorodnitsyn variables, the 
velocity profiles at different values of the Mach number are identical if the value of b M is the same. 

The value of Cf for each gas injection rate and for a given Much number was found from the measured 
profile, with the aid of a computation grid set up according to Eqs. (9) and (10). The value of ~ in (10) 
was determined with the aid of the relation r = f(bM) (Fig. 1). The calculations became less precise with 
an increasing injection factor, because the logarithmic segment in the measured profile was becoming 
shorter and the density of the computation grid was becoming denser. A typical graph for determining Cf 
is shown in Fig. 3. The scatter of Cf values here is 15% with b = 0.5 and already 50% or more with b = I. 
F r o m  Cf we calculated Cf according to relation (8) with the recovery  factor also taken into account. In 
Fig. 4 a re  shown the resul ts  of fr ict ion calculations with the injection factor  varying over a wide range 
(b M = 1.0-5.2) and the Mach number from 0.3 to 4. These resul ts  a re  also compared he):e with those which 
Dershin et al.  have obtained by measur ing  the fr ict ion coefficient at Ma = 3.2 with a floating probe [10]. 
The data on frict ion as well as those on heat t ransfer  can be accura te ly  enough desc r ibedby the  same 
theoretical  relat ions (3), (5). This correspondence (Fig. 2, 4) confirms that the modified Reynolds analogy 
holds true for a turbulent boundary layer  with mass  t rans fe r  during a supersonic flow (at least  at  a Maeh 
number up to Ma = 4). This is also confirmed by the approximate s imi lar i ty  between the measured  velocity 
and tempera ture  fields in supersonic s t r eams  at various values of the injection factor.  

In conclusion, we note that, despite the ra ther  close cor re la t ion  between friction coefficients found 
from measured  velocity profi les and those calculated according to relations (3)-(5), the accuracy  of the 
proposed method (the t ransformat ion  method) of determining the magnitude of fr ict ion must  still be checked 
out. For  this, one requires  a ser ies  of fr ict ion coefficient measurements  with a floating probe, such as 
in [10]. In addition, a re  needed also the resul ts  of velocity field measurements  in the boundary layer  

which, unfortunately, a re  not given in [10]. 

1362 



St o 
~d 

j = p wWw/poWo; 
b = j / S t o ;  

b M = j / S t o q M ;  

bl = ~/Sto~, 
r 

M a  

r = T w / T o ;  

= T w / T  o, 
r = Tw/T . 

NOTATION 

is the referred heat transfer (friction) function; 
is the Stanton number for standard isothermal conditions without mass transfer; 
is the dimensionless velocity across the boundary layer; 

is the dens ity; 

are the injection parameters; 
is the recovery factor; 
is the Mach number; 
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